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Abstract

We prove the existence of sampling sets and interpolation sets near the critical
density, in Paley Wiener spaces of a locally compact abelian (LCA) group G. This
solves a problem left by Grochenig, Kutyniok, and Seip in the article: ‘Landau’s
density conditions for LCA groups’ (J. of Funct. Anal. 255 (2008) 1831-1850). To
achieve this result, we prove the existence of universal Riesz bases of characters for
L?(2), provided that the relatively compact subset  of the dual group G satisfies
a multi-tiling condition. This last result generalizes the Fuglede’s theorem, and
extends to LCA groups setting recent constructions of Riesz bases of exponentials
in bounded sets of R,
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1 Introduction

Consider a locally compact abelian (LCA) group G, and let G denote its dual group.
Given a relatively compact Borel subset {2 of G , the Paley Wiener space PWW, consists
of all square integrable functions with Fourier transform supported on €2. For this space, a
set A C G is a sampling set if there exist constants A, B > 0 such that for any f € PW,

AllfIE <Y IFNIP < BIfI5.

AEA
On the other hand, A is an interpolation set for PW, if the interpolation problem

fA) =c,
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has a solution f € PWq for every {cy}aea € (2(A). A set A that is at the same time a
sampling and interpolation set is a complete interpolation set.

Using the Fourier transform, it turns out that A is a sampling set (resp. interpolation set,
complete interpolation set) if and only if A, as a set set of characters restricted to €2, is a
frame (resp. Riesz sequence, Riesz basis) of L?*().

Sampling and interpolation sets satisfy the following necessary geometric conditions,
proved by Landau in [13] for R? and later on extended to LCA groups in [6]:

e A sampling set A for PWq satisfies D™ (A) > mg(2);

e An interpolation set A for PW, satisfies D*(A) < mg(£2),

where mg denotes the Haar measure of @, and DT and D~ denote the so called upper
and lower Beurling densities (see Section 3.2 for precise definitions). In some sense,
the Beurling’s densities measure how the set A is distributed in G' with respect to the
distribution of a reference set, that for instance in the case of R? is the lattice Z¢.

In [6], Grochenig, Kutyniok and Seip raised the natural question of whether there exist
sampling sets and interpolation sets for PW, with densities arbitrarily close to the critical
density mg(Q). Except for the particular case G = R?, proved by Marzo in [16] adapting
a construction of Lyubarskii and Seip [15] and Kohlenberg [11], the problem remained
open till now. The main obstacle, which is a recurrent problem in general LCA groups,
is the absence of a natural substitute of rescalings. Therefore, a different approach is
required.

The main goal of this paper is to give a complete solution to the aforementioned problem.
A natural strategy is to show that, given a compact set 2, there exists an outer (resp.
inner) approximation set §2. of 2 such that L?*(€).) has a Riesz basis of characters. As
a consequence, we obtain the existence of sampling (resp. interpolation) sets near the
critical density (see Theorem 3.5). Indeed, the Riesz basis of L?*(€).) becomes a frame
for L?(Q2) if . is an outer approximation, and it becomes a Riesz sequence if €). is an
inner approximation. The problem to accomplish this strategy in general LCA groups is
to prove the existence of such “good” approximation sets. To overcome this difficulty, we
proceed as follows.

First, we show that, given a relatively compact Borel set 2 C G that satisfies some tiling
condition, the space L*() admits a Riesz basis of characters (see Section 4 for details).
This is motivated by recent results due to Grepstad and Lev in [5] (see also [12]) and
it provides an extension of them. In order to prove this generalization we use operator
theoretical techniques developed around the theory of shift invariant spaces. The shift
invariant techniques provide a better understanding of the problem. As a consequence,
besides the extension of the multi-tiling result of Grepstad and Lev to the group setting,
we also prove a converse that is new even for R? (see Theorem 4.4). Furthermore, we
answer negatively a question raised by Kolountzakis in [12].



In this way we get several candidates for approximation sets, i.e., those sets that satisfy
a tiling condition with respect to a lattice. However, in general there are not sufficiently
many of such sets to assure the required approximation, essentially because the group G
may not have a rich family of lattices. In order to enlarge the family of candidates, we
show that we can also consider sets ). that satisfy the tiling condition in an appropriate
quotient group G /K instead of in the group G. Thus, we obtain a Riesz basis of characters
in L?(m(€.)), where 7 denotes the canonical projection onto that quotient. Finally, we
prove that this Riesz basis can be lifted to a Riesz basis of characters for L*(€).) (see the
last part of Section 5 for the details).

The paper is organized as follows. In section 2, we introduce preliminary results on
LCA groups. Section 3 describes the main results. In section 4 we construct the Riesz
basis of characters for L?(£2), under a multi-tiling condition on the set . In section 5 we
introduce the notion of quasi-dyadic cubes, which are used to construct the approximation
sets. Finally, with all the necessary techniques at hand, we proceed to the proof of the
main result in section 6.

2 Preliminaries

Throughout this section we review basic facts on locally compact abelian groups, (for
more details see [2], [7], [8], [17]), setting in this way the notations we need for the
following sections. Then, we introduce H-invariant spaces that generalize the concept of
shift invariant spaces in the context of these groups (see [1]).

2.1 LCA Groups

Let G denote a Hausdorff locally compact abelian (LCA) group, and G its dual group,
that is; R
G ={v:G — C, and 7 is a continuous character of G},

where a character is a function satisfying the following properties:
(i) [v(z)] =1,V €G;

(i) v(z +y) =v(x)7(y), Vz,y € G.

Thus, the characters generalize the exponential functions v(x) = ;(z) = €™ in the case
G = (R,+). On every LCA group G there exists a Haar measure. It is a non-negative,
regular Borel measure m¢ that is non-identically zero and translation-invariant, which
means:

me(E + x) = mg(E),

for every element x € G and every Borel set £ C G. This measure is unique up to a
constant. Analogously to the Lebesgue spaces, we can define the LP(G) = LP(G,mg)



spaces associated to the group G and the measure mg:
LP(G) = {f :G — C, f is measurable and / |f(2)P dmg(z) < oo}
el

Theorem 2.1. Let G be an LCA group and G its dual. Then

(i) The dual group @, with the operation (v + +/)(z) = y(z)¥(z) is an LCA group.
The topology in G is the one induced by the identification of the characters of the
group with the characters of the algebra L'(G).

(ii) The dual group of G is topologically isomorphic to G, that is, G ~ G, with the
identification g € G <> ¢4 € G, where eq(7) :==(9).
(iii) @ is discrete (resp. compact) if and only if G is compact (resp. discrete).

As a consequence of (ii) of the previous theorem, we could use the notation (z, ) for the
complex number y(z), representing either the character v applied to x or the character x
applied to .

Taking f € L*(G) we define the Fourier transform of f, as the function f : G — C given
by

~

—/Gf(x)(x,—’y)dmc'(x)a v €G,

If the Haar measure of the dual group G is normalized conveniently, we obtain the inversion

formula
_ / F00) (@) dme (),
G

for a specific class of functions. In the case that the Haar measures mqg and mg are
normalized such that the inversion formula holds, the Fourier transform on L'(G)NL*(G)
can be extended to a unitary operator from L?*(G) onto LQ(G) Thus the Parseval formula

holds:
/f (@) dma(z /f Vi) dma() = (. 4)

for f,g € L*(G). We conclude this subsection with the next classical result.

Proposition 2.2. If G is a compact group, then the characters of G form an orthonormal
basis for L*(G).

2.2 H-invariant spaces

In this subsection we will review some basic aspects of the theory of shift invariant spaces
in LCA groups. We will specially focus on the Paley Wiener spaces, that constitutes an
important family of shift invariant spaces in which we are particularly interested. The
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reader is referred to [1], where he can find the results in full generality, as well as other
results related to shift invariant spaces in LCA groups. Let G be an LCA group, and let
H be a uniform lattice on G, i.e., a discrete subgroup of G such that G/H is compact.
Recall that a Borel section of G/H is a set of representatives of this quotient, that is,
a subset A of GG containing exactly one element of each coset. Thus, each element x € G
has a unique expression of the form x = a+h with a € A and h € H. Moreover, it can be
proved that there exists a relatively compact Borel section of G/H, which will be called
fundamental domain (see [4] and [9]).

Definition 2.3. We say that a closed subspace V' C L*(G) is H-invariant if
fevV then 7,f €V, Vh e H,
where T, f(z) = f(x — h).

As we have mentioned, Paley Wiener spaces are important examples of H-invariant spaces,
which in this context are defined by

PWq = {f € L*(G) : supp f C 2},

where 0 C G is a relatively compact Borel set (see [6]). Actually, this space is invariant
by any translation. In particular, it is H-invariant for any lattice H. Let A be the dual
lattice of H; that is, the annihilator of H defined by

A={yeG:(h,y) =1, forallh c H}.
Suppose that (2 tiles G by translations of A, i.e.

Aq(z) = ZXQ(QC —A) =1, ae.

In this case, it is well known that {ej}nex is an orthonormal basis of L?*(€2). Indeed,
since A is also a uniform lattice, in particular, G /A is compact. So, as we recall in
Proposition 2.2, H ~ (G/A)” is an orthonormal basis of L2(G/A). On the other hand,
this space is isometrically isomorphic to L?(£2), because 1-tiling sets are Borel sections of
the quotient group CA; /A up to a zero measure set.

In order to deal with multi-tiling sets, we recall that a set {2 multi-tiles, or more precisely
k-tiles G by translations of A if

Ag(x) = ZXQ(:E —A) =k, ae.
AEA

For example, if §2 is a disjoint union of 1-tiling sets then the previous condition is satisfied.
Next lemma shows that the reverse also holds, not only in R” (see Lemma 1 in [12]), but
also in the context of the LCA groups.



Lemma 2.4. Let G be an LCA group and H C G a countable discrete subgroup. A
mesurable set () C G, k-tiles G under the translation set H, if and only if

Q=0U---UQUR,

where R is a zero measure set, and the sets €2;, 1 < j < k are disjoint and each of them
tiles G by translations of H.

Proof. 1f Q) is a disjoint union of k sets of representatives of G/H up to measure zero then

clearly >,y Xxa(z —h) =k, ae.
For the converse, consider D to be a Borel section of G/H and let {h;} ;en be an enumer-

ation of the elements of H. We have Aq(d) = k for almost all d € D. If E denotes the set
of the exceptions, define for d € D\ E,

ij(d) =min{n € N: Y xold+h) =7},  j=1,...k

s=1

and the measurable sets,
Ejm:{dGD\E:ij(d):n}, n € N.

Finally for j = 1,...,k, let Q; = U, en(Ejn + hy). It is straightforward to see that 0 =

Ule Q;UR, is the desired decomposition. Here the remaining set R = Q\ (Q; U...UQy)
has measure zero because it is contained in £ + H. [ |

Let us recall now the following simple but useful proposition, that in the case of LCA
groups is a direct consequence of Parseval identity and Weil’s formula.

Proposition 2.5. Let D be a Borel section of G/A. The map T : L2(G) — L2(D, (2(A))
defined by

Tf(w) = {f(w+Nhea,

is an isometric isomorphism. Moreover, for each element h € H

T (7 ) (@) = en(@){f(@ + N}hen,

for almost every w € D.

Remark 2.6. It is not difficult to see that if f and ¢ are equal almost everywhere, then
for almost every w € D

{Ff(w+Nher = {g(w+ N }hrea

This guaranties that 7 is well defined, and justifies the evaluation of elements of L?(G).
With respect to the second part of Proposition 2.5, roughly speaking, it says that 7T
diagonalizes the H-translations. A



When the H-invariant space is finitely generated, Proposition 2.5 allows to translate a
problem in (infinite dimensional) H-invariant spaces, to simpler linear algebra problems
in finite dimensional Hilbert spaces. Suppose for instance that €2 is a measurable subset of
G that k-tiles G by translations of A. Then, for almost every w € D there exist precisely
k elements Ay, ..., A, of A such that w+ \; € €, where \; = \;(w). Otherwise we would
contradict that €2 is a k-tiling set. This implies that the subspace

Jo(w) = {{f(w + MN}ien: f€PWq}
= {{f(w + )=k fE PWQ}

has dimension at most k. This remark together with Proposition 2.5 lead to the following
result.

Theorem 2.7. Let 2 be a relatively compact, k-tiling subset of G. Given O1y. .., Ok €
PWq we define

brlw+ A1) ... dr(w+ A1)
Tw = : . .

al(w# i) . ak@nk)

where the \; = \;(w) for j = 1,... k are the k values of A € A such that w + A € Q.
Then, the following statements are equivalent:

(i) The set = {m¢;: he€ H, j=1,...,k} is a Riesz basis for PW,.
(ii) There exist A, B > 0 such that for almost every w € D,
Allz||* < 1T z||* < Bz,
for every x € CF.
Moreover, in this case the constants of the Riesz basis are
A=inf |T,7I™ end B =sup ||T,.

For a sake of completeness, we will give a proof of this result adapted to our setting. For
the proof in more general H-invariant spaces see [1].

Proof. Let D be a fundamental domain of G/A. Consider a family {a;n} with finitely
many non-zero terms, where j = 1,...,k and h € H. Using the Fourier transform and a
A-periodization argument we get

Z ajnTh; = /D Z m;(w) <Z ngﬁj (w+ N e(w + )x)) me(w) dmg(w).
L2(G)

Jsh j, =1 AEA



where m; = ),y ajne—p. For each j, the vector {¢;(w + A)} has at most k& non-
zero coordinates. More precisely, the only coordinates that can be different from zero
are those corresponding to the elements \;j(w) € A considered in the matrix 7;,. So, if
m = (my,...,my) then

k 2
DD 4o,

(ToTm(w), m(w) )or dmg(w)

j=1 heH L2(G)
- /D ITm(w) |2 dimg(w). (1)
On the other hand
k
] Im(e) s dmee Z [ mi dmgle) = 3"l (@
j=1 heH

Combining (1), (2) and standard arguments of measure theory we get that (i)=-(ii).

For the other implication, note that from (1) and (2) we immediately get that the family
&y is a Riesz sequence for PWq. So, it only remains to prove that condition (ii) also
implies that ®y is complete. With this aim, let f € PWgq, and suppose that ( f, 7,¢;) =0

for every h € H and j = 1,...,m. By a A-periodization argument we get
0=(frendy) :/ (Zf (@+A) ¢J(w+)\)> p(w) dmg(w).
AEA

Since {ep}rep is an orthonormal basis for L2(G/A), then

Zf(w + N0 (w+N) =0, ae w mea.
AEA

This implies that T35({f(w + X;)}¥_;) = 0, where A; = X;(w). Thus, 7(f) =0 a.e ms. B

3 Sampling and interpolation near the critical density

In this section we study sampling sets, and interpolation sets on PWgq, when (2 is a
relatively compact subset of G. In [6], Grochenig, Kutyniok, and Seip introduced two
notions of densities that suitably generalize the Beurling’s densities defined in RY. Our
main goal is to prove that there exist sampling sets, and interpolation sets whose densities
are arbitrarily close to the critical one, answering a question raised by Grochenig et. al.
in [6].



3.1 Standing hypothesis

Since we will work with relatively compact sets €2, throughout this paper we will assume
that G is an LCA group such that its dual G is compactly generated (but not compact to
avoid trivialities). By the standard structure theorems, G is isomorphic to R? x Z™ x K,
where K is a compact subgroup of T¥. Consequently, GG is isomorphic to Ri x T™ x D,
where D is a countable discrete group. In particular, note that both G and G are second
countable.

This is not a serious restriction, as the following lemma shows (see [3] or [6]).

Lemma 3.1. Assume that Q C G is relatively compact, and let H be the open subgroup
generated by 2. Then H is compactly generated and there exists a compact subgroup
K C G such that every f € PWq is K-periodic. Furthermore, the quotient G/K is
homeomorphic to R? x T™ x I, where D is a countable discrete abelian group, and

5/7(:[—].

Therefore, given a relatively compact set 2 C CAJ, this lemma shows that the space PWgq
essentially lives in L?(G/K), and G/K ~ H is compactly generated.

3.2 Beurling-type densities in LCA groups

To begin with, recall that a subset A of GG is called uniformly discrete if there exists
an open set U such that the sets A+ U (X in A) are pairwise disjoints. In some sense, the
densities in R% compare the concentration of the points of a given discrete set with that
of the integer lattice Z¢. In a topological group, this comparison is done by means of the
following relation:

Definition 3.2. Given two uniformly discrete sets A and A and non-negative numbers «
and o/, we write aA <o’ N if for every e > 0 there exists a compact subset K of G such
that for every compact subset L we have

(1—e)a#(ANL) < #(NN(K+L)).

Now, we have to fix a reference lattice in the group G. As we mentioned at the begining
of this section, since G' is compactly generated, G is isomorphic to R? x T™ x D, where D
is a countable discrete group. So, a natural reference lattice is Hy = Z% x {e} x D. Using
this reference lattice, and the above transitive relation, we have all what we need to recall
the definitions of upper and lower densities.

Definition 3.3. Let A be a uniformly discrete subset of G. The lower uniform density
of A\ is defined as
D~ (A) =sup{a € RT : aHy < A}.

On the other hand, its upper uniform density is

D*(A) = inf{a € R" : AxaHy}.



These densities always satisfy that D~ (A) < D*(A), and they are finite. Moreover, it can
be shown that the infimum and the supremum are actually a minimum and a maximum.
In the case that both densities coincide, we will simply write D(A). It should be also
mentioned that in the case of R?, these densities coincide with the Beurling’s densities
when the reference lattice is Z¢.

Using these densities, Grochenig, Kutyniok, and Seip obtained in [6] the following exten-
sion of the classical result of Landau to LCA groups.

Theorem 3.4. Suppose A is a uniform discrete subset of G. Then
S) If A is a sampling set for PWg, then D™ (A) > mgz(Q);
I) If A is an interpolation set for PWg, then D (A) < mgz(Q).

A natural question is whether there exist sampling sets and interpolation sets near the
critical density. In the case G = R? a positive answer was given by Marzo in [16]. The
following theorem is our main result, which completely answers this question.

Theorem 3.5. Let ) be a compact subset of @, and let ¢ > 0. Then, the following
statements hold:

(i) There exists a sampling set J. for PWg, such that

'D(Jg) < m@(Q) +e.

(ii) If mg(082) = 0, then there exists an interpolation set J° for PWq such that

D (J%) > mga(Q) — <.

Although roughly speaking the strategy of the proof will be similar to the one used in [15]
and [16] (see also [11]), in order to pursue this strategy, we will have to overcome several
technical issues. This will be done in the following two sections. Finally, in section 6 we
will combine the obtained results, and we will provide the proof of Theorem 3.5.

4 Constructing Riesz basis in the context of LCA groups

The relation between multi-tiling sets and the existence of Riesz bases in the R setting
was firstly pointed out in [5] by Grepstad-Lev. More precisely, they proved that a bounded
Riemann integrable Borel set 2 C R? admits a Riesz basis of exponentials if it multi-tiles
R? with translation set a lattice A. Later on, Kolountzakis gave in [12| a simpler proof
of this result in a slightly more general form (see also [10]| for a different approach).
Important special cases had been proved by Lyubarskii-Seip in [15], and Marzo in [16],
(see also [14] and [18]).

One of the main theorems of this section is the following generalization of Grepstad-Lev’s
result to the LCA group setting.
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Theorem 4.1. Let H be a uniform lattice of GG, A its dual lattice, and & € N. Then,
there exist ai,...,a; € G, depending only on the lattice A, such that for any relatively
compact Borel subset () of GG satisfying

Ag(w) :== ng(w ~AN) =k ae wed,
AEA

the set
{eaq~nXa: heH, j=1,... k}

is a Riesz basis for L?(().

We would like to emphasize that, in the previous theorem, the same set {ay,...,a;} can
be used for any k-tiling set Q. If we call such a k-tuple (ay,...,a;) H-universal. The
following result is a slight improvement of the already known results.

Theorem 4.2. Let H be a uniform lattice of G and k € N. Then, there exists a Borel set
N C G* such that mgr(N) = 0 and every k-tuple (ay,...,a;) € G*¥\ N is H-universal.

Remark 4.3. Note that, if we fix a fundamental domain D, given any universal k-tuple
(ai,...,ay) there exists a unique k-tuple (di, ..., d) € D* such that

{eq-nxa: heH, j=1,...  k} ={eq_nxa: he H, j=1,... k}.

So, we can restrict out attention to universal k-tuples belonging to D¥. In this case,
consider the “uniform” probability measure on D¥ given by the restriction of the Haar
measure of G* to D* (conveniently normalized). Then another way to state Theorem 4.2
is that a k-tuple in DF is almost surely H-universal. A

The second main result of this section is the following kind of converse of Theorem 4.1.

Theorem 4.4. Let H be a uniform lattice of G and A its dual lattice. Given a relatively
compact subset Q of G, if L?(Q) admits a Riesz basis of the form

{eaq~nXxa: heH, j=1,... k}
then Q k-tiles G.

The proofs of these results are provided in the next subsection. Then, in the last subsection
we will show a counterexample that answer negatively a question raised by Kolountzakis
in [12].

11



4.1 Proofs of Theorems 4.1, 4.2 and 4.4

We begin with two technical lemmas. Following Rudin’s book [17]|, we will say that a
function p is a trigonometric polynomial on G if it has the form

plg) = Z ¢j;(9)

for some n € N, ¢; € C and v; € G.
Lemma 4.5. The zero set of a trigonometric polynomial p on G has zero Haar measure.

Proof. By the standing hypothesis, we can identify G with the group R%xT™ x D, for some
countable discrete LCA group D. Hence, given (z,w,d) € R x T™ x D, the polynomial

p can be written as
n

pla,w,d) =Y e;p;(@)7(w)d(d)

=0

where p € I@d, T E 'ﬁd, and 6 € D. Let Cp, = {(z,w,d) : p(x,w,d) = 0}, and suppose by
contradiction that mg(C,) > 0. Since

C, = Ucpm (R? x T™ x {d}),

deD
there exists dy € D such that
mea(Cp N (R x T™ x {do})) > 0

If we restrict p to R x T™ x {dy} we get the trigonometric polinomial ¢ on R? x T™

n

g(w,w) = (¢;0(d)) pj(a)7(w)

J=0

that is non-trivial and its zero set has positive measure. This is a contradiction, and
therefore m,(C,) = 0. |

Lemma 4.6. Let K; and K5 be compact subsets of G.If
F'={AeA: A+ K))NK,#a},
then #I" < oo.

Proof. Note that I' C AN (K — K3), where Ky — Ky = {k; —ky : k; € K;,j =1,2}. Since
A is a discrete set and (K; — K3) is compact, I should be necessarily a finite set. |
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Proof of Theorems 4.1 and 4.2. Given aq,...,a; € G, define the functions ¢1, ..., ¢x by
their Fourier transform in the following way:

ggj = €q; X, JELL,... k}. (3)
We will show that under the hypothesis on (2, there exist aq,...,ax such that ¢,..., ¢
translated by H form a Riesz basis for PWj,.
Choose a fundamental domain D of G JA. Since Q is a set that k-tiles G , for almost every

w € D, the vectors aj (w) have at most k entries different from zero. These entries are
those that correspond to the (different) elements A\; = A\j(w) € A, 1 < j < k, such that
w4+ Aj € Q. For w € D consider the matrix

¢1(w + )\k) c. gbk(w + /\k)
By Theorem 2.7, the H-translations of ¢4, ..., ¢ form a Riesz basis for PWg, if and only
if there exist A, B > 0 such that

Allz]]? < | Toz))* < Bll2|P?, (4)

for every x € C* and almost every w € D. The rest of the proof follows ideas of [12]
suitably adapted to our setting. Firstly, note that

drw+ A1) ... Blw+ ) o, (WHA) ... €q (W)
T, = : : = : :
Grlw+Ae) oo Dr(w+ ) Cay (W+ M) oot eq(w+ M)
(a1,w) 0 0 0
((11,)\1) (ak7/\1) 0 (ag,w) 0 0
(al, )\k) ce (Clk, )\k) 0 0 ce (ak_l,w) 0
0 . 0 (ag,w)
(5)
Since U, is unitary, to prove the inequalities in (4) is equivalent to show that
Allz|* < || Eoz|® < Bljal?, (6)

for every x € CF, and almost every w € D. By Lemma 4.6, applied to K; = D and
K, = Q, when w runs over (a full measure subset of) the Borel section D, only a finite
number of different matrices E, appear in (5), say Ei,...,Ey. Thus, it is enough to
prove that they are all invertible. Note that the determinants of the E, are polynomials
of the form



evaluated in (aj,...,a;) € G x -+ x G = G*, where S} denotes the permutation group

on 1,...,k. Since A is countable, the set of trigonometric polynomials on G*
k
P = {p(ml, Ce s Tg) = Z sgn(m) H(mﬂ(j), Aj) :for any (Mg, ..., \) € AF }
TSk 7j=1
is countable. This set contains the trigonometric polynomials d(z1, ..., x) associated to

the determinants of the matrices ;. Note that it also contains the polynomials associ-
ated to matrices £} coming from any other A-tiling set. Therefore, the universal k-tuple
(ay,...,ax) that we are looking for, is any k-tuple such that

play,...,ax) #0 Vp € Py.

To prove that such a k-tuple exists, we will use a measure theoretical argument based
on Lemma 4.5. Note that G* is a compactly generated LCA group, and AF is the dual
lattice of the the uniform lattice H* in G*. Hence, using Lemma 4.5 with G* instead of G,
we get that the union of the zero sets corresponding to these polynomials has zero Haar
measure in G*. Therefore, there exist ay,...,ay € G so that (ay,...,ay) does not belong
to any of these zero sets. In particular, for these values of a;, the matrices Fy, ..., Ey are
invertible. Then, by Theorem 2.7, the H-translations of the functions ¢y, ..., ¢ form a
Riesz basis for PWgq. This is equivalent to say that

{ea,nXa: he H, j=1,... k},

is a Riesz basis on L?(Q2). The same holds for any other k-tiling set €’ by construction of
Pr and the k-tuple (aq, ..., ax). [ |

Proof of Theorem 4.4. Let D be a fundamental domain of G /A. Since both D and 2 are
relatively compact, by Lemma 4.6 the set Ag := {A € A: (A+ D)NQ # o} is finite.
Recall that for each w € D

Jaw) = {{f(w+Nher: f €L}

Then, the hypothesis implies that there exists a measurable set £ C D of zero Haar
measure such that for every w € D\ FE the set of vectors

{eaj (w + )\)XQ(W + )‘)})\EA (7)
is a Riesz basis of Jo(w). In particular, for every w € D\ E we have that
#{NEN : w+AeQ} >k

Indeed, otherwise the dimension of Jo(w) would be smaller than k, which contradicts the
fact that the k vectors in (7) form a Riesz basis of Jq(w). Now, assume that there exists
a set of positive measure F' C D \ E such that for every w € F

#{NEN: w+AeQ} >k

14



Since Ay is finite, the set {I' C Ay : #I' > k} is also finite. So, there exists Fy C F' of
positive measure and Aqi,...,\, € Ay, n > k, such that for every w € Fj it holds that
w+ A; € Q. Note that this implies that for every A;

N+ Fy C Q.

On the other hand, as D is a fundamental domain, the sets \; + Fy,..., \, + Fy are
disjoint. Now consider the characteristic functions f; = xx,+m, for each j € {1,...,n}.
All these functions belongs to L?(Q2), and therefore for every j € {1,... k}

{fi(w =+ N}aen € Jo(w).

Note that fj(w 4 A) = dx,. This implies that for every w € I the dimension of Jqo(w) is
n > k, which is not possible because the set of vector in (7) is a Riesz basis for Jo(w). In
conclusion, for almost every w € D

#{ANEN : w+AeQ} =k,

which precisely says that € is k-tiling. [ |

4.2 A counterexample for unbounded sets in R

The same scheme can not be applied if 2 is not relatively compact, as the following
example shows. This example also gives a negative answer to the open problem left by
Kolountzakis in [12].

Example 4.7. Let G = R, and consider the following subset of R~R:

Q=1[0,1)U U [n—27(7 p — 2=y,

n=2

This is a 2-tiling set with respect to the lattice Z (see Figure 1).

Figure 1: The set €.

However, if we consider the functions ¢, and ¢, defined through their Fourier transform
by )

¢j (w) — e27rzajw Yo
for j = 1,2, then integer translations of ¢; and ¢, are not a Riesz basis for PW, for any

choice of ay,as € R. In other words, (a; + Z) U (az + Z) is not a complete interpolation
sets for PWq, for any pair a,as € R.

15



To show this, recall that in the proof of Theorem 4.1 we proved that the integer transla-
tions of ¢ and ¢ form a Riesz basis for PW,, if and only if the matrices

Ew _ (eQTrial)\l(w) e?m'ag)q(w)) 7

e?m'al A2 (w) e27ria2 A2 (w)

and their inverses are uniformly bounded for almost every w in the fundamental domain,
that for simplicity we choose the interval [0,1). For this particular £y, A\;(w) is always
equal to zero, while Ao(w) = n if w € [1 =27V 1 - 27" for n € N. Therefore

1 1
EW = (627ria1)\2(w) e27ria2)\2(w)> )

which can be rewritten as

1 0 1 1
E, = 0 e27ria1>\2(w) 1 627ri(a2—a1))\2(w) :

So, if ay —a; € Q, there exists a set of positive measure such that the matrices T, are not
invertible for w in that set. On the other hand, if a; —a; ¢ Q, as the set {e?™(a2—a1)nl
is dense in T, the matrices E ' are not uniformly bounded.

Since the set )y also multi-tiles R with other lattices too, a natural question is whether or
not we can obtain Riesz basis using these lattices. The answer is no, and the idea of the
proof is essentially the same. For this reason, we only make some comments on the main
differences, and we leave the details to the reader. First of all, recall that the (uniform)
lattices of R have the form A, = aZ, for some o € R. It is not difficult to prove that
Qo multi-tiles R only for lattices corresponding to o« = k!, for some k£ € N. Moreover,
with respect to the lattice A,-1, the set €y is 2k-tiling. Given aq,...,a0. € R, as we
already mentioned, in the proof of Theorem 4.1 we show that (a1 +Z) U ... U (asy + Z)
is a complete interpolation sets for PWg, if and only if the matrices

1 1 1 1

2miar A1 (w) 2miaz A1 (w) 2miagk—1 A1 (w) 2miagk A1 (w)

€ € € €

E, =

e2mia1dop—_1(w)  p2miazAzp—1(w) 2miagk—1A2k—1(w)  p2miazgA2k—1(w)

(& €

2m’a1/\2k(w) 2m’a2/\2k(w) 27Tia2k,1)\2k(w) 27ria2k)\2k(w)

€ € € €

and their inverses are uniformly bounded for almost every w € [0,k7'). By construction
of Q, for each m € N we can find an interval I C [0, k') of positive measure such that
for every w € I there exists j € {1,...,2k} so that A;(w) = m. On the other hand, as in
the case studied before, either the orbit

27i 271 2miagy, — 27i
{(6 Tia] m) e2miazm TiAg)_—1 M TiAo) m)

yeees € , € }mQZa

is periodic or there exists elements of the orbit as close as we want to the first row vector
(1,...,1). Therefore, the matrices E,! can not be uniformly bounded in a full measure
subset of [0, 1).
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5 Quasi-dyadic cubes

In the previous section we proved that there exist many Borel sets 2 in G such that
L?(Q2) admits a Riesz basis of characters. However, in general, they are not enough to
approximate any compact set. Let us briefly explain the reason. In the classical case of
R?, the approximation is done by means of sets that are union of dyadic cubes. Note
that the dyadic cubes of side length equal to 27" are fundamental domains for the lattice
27"7Z. Hence, the dilation of the cubes is reflected in the refinement of the lattices. So,
in order to get a good approximation in more general LCA groups, the idea is to look
for a nested family of lattices whose corresponding fundamental domains become in some
sense smaller and smaller. This is the main issue, because to get such family in the group
G ~ R? x Z™ x K may be difficult (or even impossible), because of the compact factor.
The key to overcome this difficulty is given by the following classical result (see [7]).

Lemma 5.1. Given a neighborhood U of e in @, there exists a compact subgroup K
included in U and such that G/K is elemental, that is

G/K ~R*x 2" x T' x F, (8)
where F' is a finite group.

In R? x Z™ x T x F, the above mentioned strategy to obtain dilations by means of
refinements of lattices can be done without any problem. More precisely, we consider

Ay = Ap(dym, 0) = (27"Z) x Zm x 25, x F C G/K,

QY = [—27 127 1) x {0} x [—2771 27 ) x {e} o

This leads to the following definition of quasi-dyadic cubes.

Definition 5.2. Let K be a compact subgroup ofG such that G/K 1s elemental, and let
the canonical projection from G onto the quotient. Identifying the quotient G/K with the

group R x Z™ x T* x F, the family of quasi-dyadic cubes of generation n associated
to K, denoted by 9[(?), are defined by

o = (@)
where QE\") =)+ Q(()") for A € A,,.

Note that in order to distinguish the cubes in the quotient from the cubes i 1n @ for those in
G /K we use calhgraphlc letters. Note also that the quasi-dyadic cubes Q ) are relatlvely

compact. Indeed, if S Visa relatively compact Borel section of ol ) in the group G then
(n) _ gn)
V=5"+K.
The main difference with the classical case, is that the quasi-dyadic cubes are parametrized
not only by a (dyadic) lattice, but also by some compact subgroups. This family of quasi-
dyadic cubes clearly satisfies many of the arithmetical and combinatorial properties of the

classical dyadic cubes. However, for our purposes, the following approximation result is
the most important.
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Proposition 5.3. Let C' be a compact set and V' an open set such that ' C V' C G.
There exists a compact subgroup K of G such that G/K is an elemental LCA group, and

Q/\l o ,Q&T:) € .@}((m) for m € N large enough such that

ng@l Q™ = (U)\ + " )

Proof. Let U be a compact neighborhood of e in G such that C+U C V. Take a compact
subgroup K contained in U which satisfies that

G/K ~R*x 2" x T' x F,

for some integers d,m,¢ > 0. Let 7 : G — CAJ/K denote the canonical projection. By our
assumptions on the open set U we have for n large enough that

cco+Qfco+qQMcv

On the other hand, by the compactness of C, there exist v,...,v; € C such that

J
¢l (+of).
i=1
Consider the lattice A4y, and A1, ..., Ais; € A4y, such that
m(y + QF™) = m() + Q™ U (Aa+ Q6™) € () + Q5.

Let {A1,..., A} an enumeration of the elements of Ay, used to cover all the sets m(v;) +

(()271)‘ Then, the above inclusions imply that

k J
CCU e+ clUr '+ ) clJ i+ Q) c v
7=1 =1

Thus, we can take m = 4n, and the proof is complete. [ |

Another good property of the quasi-dyadic cubes is the following.

Proposition 5.4. Let 2 be finite a union of quasi-dyadic cubes in @I((n ), Then, the space
L*(Q) admits a Riesz basis of characters (restricted to ).

Ifr:G — @/K denotes the canonical projection, then the set 7(£2) multi-tiles the
quotient space with the lattice A, defined in (9). By Theorem 4.1, this implies the
existence of a Riesz basis of characters in the space L*(7(f2)). Now, we need a result
that gives us a way to lift this basis. This is provided by the following result, which in
particular concludes the proof of Proposition 5.4.
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Theorem 5.5. Let K be a compact subgroup of an LCA group G such that K is count-
able. Suppose that there exists a subset Q of G/ K such that L?(Q) admits a Riesz basis of
characters of G/K. If 7 : G — G/K denotes the canonical projection, and Q = 7 (Q),

then L?(Q) also admits a Riesz basis of characters.

Proof. On the one hand, note that CT/?( ~ Kt C G ., where K+ denotes the annihilator of
K. So, the Riesz basis for L2(Q) can be identified with some elements {7, } in G. On the
other hand, the elements K form an orthonormal basis for L2(K) endowed with the nor-
malized Haar measure mg. Moreover, since K can be identified with the quotient group
G /K=, the orthonormal basis for L?(K) can be identified with a system of representatives
{km} of G/K*.

Now, we will prove that {7, + £,,} is a Riesz basis for LQ(@). First of all, we will prove
that it is complete. Let F' € L2(Q) such that ( F, 7, + fm ) = 0 for every n and m. By
the Weil’s formula, mg = mg x mg/k provided we renormalize conveniently the Haar
measure on G/K. So, using this formula and the fact that (k,~,) = 1 for every k € K

we get for every m and every n

0= /@F@(—g, o o) dme(9)

:/Q </K F(g+k)(g+ kY + Fim) de(k:)> dmeyx(m(g))

_ /Q ( /K Flg+ k)9 ) (ks i) de(k:)) (7(9): 7n) dmay e (7(9)).
Fix m. Then, using that {7,} is a Riesz basis for L*(Q) we get that
(gv'%m) /KF(Q + k) (ka /‘ﬁm) de(k') =0 meg/x — a.e.

So, since {k,,} is a (countable) orthonormal basis of K, we get that

/K F(g+ B dmge(k) =

m

2
=0 mg/k — a.e.

/ Flg + k) 6, ) dme (k)
K
So, by the Weil’s formula we get:

1Py = [ ([ 1P+ 0P dma(t) ) dmytat) = 0

Therefore {7, + km} is complete.
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Now, in order to prove that it is also a Riesz sequence, consider a sequence {c, ,,} with
finitely many non-zero terms. Then

2 2

> Com (Y + Fm)

n,m

/ D nm (957 + Fm)

dme(g)

n,m

yav

Since (k,~,) = 1 for every k € K, the sum inside the integrals can be rewritten as

Z Cnm (9 + K, + Km) = Z ((g, Km) Z Cnm (T(9), '771)) (K, Km)-

n,m m n

L2(Q)
2

Z Cn,m (g + kv + ﬁm) de(k) de/K<7T<g)>

Therefore, using that {k,,} is an orthonormal basis of L*(K) we get

J,

So, putting all together

2

dm(k) =)

m

2

> Com (9+ ko + Km)

n,m

Z Cnm (T(9): Tn)

n

2 2

dme,k(m(g))-

> Com (Yo + Fom)

X,

L2(Q) m

Z Cnym (77(9)7 771)

Finally, since {7,} as a Riesz basis for L?(Q), there exist A, B > 0 such that

DA
m,n

2

> Cnm (T + Fm)

<BY lenml,
m,n

L2(Q)
and this concludes the proof. [ |

Remark 5.6. Although our version is for Riesz bases, it also holds for orthonormal basis
or frames with minor changes. For instance, a proof for orthonormal basis is contained in
the proof of Lemma 3 of [6]. A

6 Proof of the main result

Finally, using the techniques developed in the previous sections, we provide the proof of
our main Theorem 3.5.
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(i) Sampling case: Since the Haar measure is regular, there exists an open subset V' of
G such that Q C V and ma(V \ Q) < e. By Lemma 5.3, there exists a compact
subgroup K of G so that @/K is elemental, m € N large enough, and Q»,,...,Qx, €
.@é(m) are such that

k
QQUQS}”‘)QV

Let €. be the union of these k quasi- dyadlc cubes. Then, by Proposition 5.4, the
space L2(.) admits a Riesz basis consisting of characters of G (restricted to £.).
Let {ep, xo.} denote this basis, and let J. = {b,} € G. Using Theorem 3.4 we
get that D(J.) = mg(Q:) < mz(Q) + . Note that {e;, xo} is a frame for L*(Q),
because it is obtained by projecting a Riesz basis for the bigger space L?(€2.). So,
Je is a sampling set for PWj,.

(ii) Interpolation case: Since mg(02) = 0, we can work with the interior of Q. For the
sake of simplicity we will use the same letter for it. Let C' be a compact subset of
Q2 such that mG(Q \ C) < e. Again by Lemma 5.3, there exists a compact subgroup
K of G so that G/K is elemental, m € N large enough, and Q,,,...,Q), € @ (m)
are such that

k
ccljaol c
j=1

As before, if Q. is the union of the k quasi-dyadic cubes, then the space L*(£,)
admits a Riesz basis consisting characters of G (restricted to 2.). In this case,
the set J° consisting of these characters, forms a Riesz sequence in L*(€2). This

is equivalent to say that, as points of GG, they form an interpolation set for PWj,.
Since D(J°) = mg(£:) > ma(§2) — €, which concludes the proof.
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